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Abstract 

Recently we have introduced a matrix model depending on two coupling constants 
and A, which contains the fuzzy sphere as a background; to obtain the classical 
limit must depend on in a precise way. In this paper we show how to obtain 
the classical solitons of the N ^ oo limit imposing the development A = | + as a 
consequence at finite one obtains a noncommutative version of the solitons for the 
fuzzy sphere. 



1 Introduction 



Recently, noncommutative gauge theories [0-101-0] on a noncommutative sphere have been 
studied by expanding a matrix model around its classical solution flO 



TT|]-|T^-[|T^-[|T^. The fuzzy sphere is considered as a classical background, and the fluctua- 



tions on the background are the flelds of noncommutative gauge theory. In a previous paper 
iM we have introduced a matrix model which depends on two coupling constants, and A: 



S{X) = So + XSi = -^Tr[^[A,A,][A\A^] - '^iXpe'^'^AA.Ak + p'(l - X)A'A,]. (1.1) 

We looked for other classical solutions besides the fuzzy sphere and found them for A < 1. 
These make the fuzzy sphere solution unstable for A < | and stable otherwise. 

In this paper we answer a question left in the previous one, i.e. whether this new class 
of classical solutions leads to solitons for the noncommutative gauge theory on the fuzzy 
sphere. 

Generally a solution of the matrix model could be deflned as a soliton, but we have to 
be more restrictive, i.e. to call a noncommutative soliton a conflguration which tends to a 
classical soliton of the sphere in the N oo limit. 

What is called fluctuation is the difference between the fuzzy sphere and the new class 
of classical solutions A^, but to recover a well-deflned classical limit, the fluctuations must 
go to zero as in the N oo limit |T^-[Q. Such property distinguishes what can be 
called a fleld of noncommutative gauge theory from something indeflnite. Therefore many of 
the classical solutions of the matrix model are meaningless, also if they can make the fuzzy 



sphere background unstable [14 



To flnd a good fluctuation, we need to explore the neighborhood of A = | ( precisely 
A = I + ^ ), since then our new class of classical solutions is a continuous deformation of 
the fuzzy sphere, and the difference between them is of order 

It was already clear from [^-[^] that the coupling constant must scale in a precise 
way with to recover a classical gauge theory on a sphere; the idea of the present article 
is to introduce a double scaling limit, for both g^ and A, to recover the classical solitons on 
the sphere from the classical solutions of the matrix model. 

To verify that we have found the noncommutative solitons of the fuzzy sphere, we check 
that the gauge fleld and the scalar fleld deflned from the fluctuations, obtained from the 
difference of two solutions of the matrix model, indeed satisfy the classical equations of 



motion, in the N ^ oo limit. 
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What we find is that, as typical for the case of sohtons, an equation of motion for the 
gauge field is already present into the action as a quadratic term, while the other equation 
for the scalar field is equal to the eigenvalue problem for the operator. The only possible 
solutions of this equation are the spherical harmonics Yi"^{Q), and in our case it turns out 
that the scalar field is a combination of Yi"^{Q) with 1 = 2. To find noncommutative solitons 
with higher spherical harmonics / > 2, we conclude that one should explore models with 
A = By analogy with the A = | case treated here, one should start from solutions of 
matrix model obtained with more general ansatze 

A + Af'-'^'-L,,...L,,_, (1.2) 

hoping that, around A = ^ , these solutions are smooth deformations of the fuzzy 
sphere. To conclude our analysis, we evaluate the action of the matrix model at A = | + 
and compare it with the value of the action of the gauge theory on the sphere, at A = |, and 
find complete agreement. 



2 Solutions of the matrix model for A = | + ^ 



In a recent paper we have introduced an action depending on two coupling constants, 
and A, which contains as a solution the fuzzy sphere 



^(A) = So + XSi = -^Tr[^[A,A,][A,A,] - '^ipe'^'AAjAk + p\l - \)AA,]. (2.1) 



The fuzzy sphere [|ll]-[|l6|-||T3|-|lT8l"IIll"ll0l ^ noncommutative manifold represented by 
the following algebra: 



[xjjXj] = ipe^^^Xk X* = pV . 

The radius of the sphere, obtained by the following condition. 



(2.2) 



XiXi = W = p'^VV = p- 



,N{N + 2) 



is kept fixed in the commutative limit N ^ oo, therefore 



(2.3) 



N' 



(2.4) 



The equations of motion for the matrix model action S{X) contain other solutions rather 



than the fuzzy sphere, as found in |14]. Our aim is to use these solutions to construct solitons 
solutions for the fuzzy sphere [|2T|-|2^-|2^-[Q-[^. Let us recall them, starting from the 
equations of motion 

[A^, [A\ A^]] - ipXt'^^[A\ A^] + 2p2(i - X)A' = 0. (2.5) 
Parameterizing the solution as 

A' = A'^V' (2.6) 

the coefficients A\ represent three arbitrary vectors Al,Af,Af that are constrained by 
the equations 



(2p2(i _x)-a^- ^2)^2 ^ . ^2)^1 ^ (^2 . ^3)^3 ^ 2Ape,,feA|4 = 
(2p2(i _x)-a^- p^)A^ + {A' ■ A'')Al + (A" ■ A')A^ + 2XpeijkA]Al = (2.7) 

where 



iAir = a' {A^r = P' (A¥ = f- (2.8) 
Without loss of generalities, we can choose the three vectors as follows: 



Al = a Al = Al = 
Al = (3cos6i2 Al = psinOu A^ = 



= jJCUiiOi2 

l3 _ „,„„-^/i /l3 



A^ = '-fcsOis A = '-fsinOi^sinc/) A^ = 'jsinOiscoscp. (2.9) 



Apart from the fuzzy sphere, there is another class of solutions to the equations 
characterized by the unique constraint: 

a' + /9' + 7' = V(i_A)+4AV (2.10) 
and by the parameterizations 
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coscp = 
sin(f) = 

COs6i2 

sin6i2 

cos ^23 

sm^23 



2Xap 

v/(2p2(i - A) - /32)(2p2(i - A) - 72) + AX^a^p^ 

(2p2(l_A)-/j2)(2p2(l_^)_^2) 

(2p2(i - A) - /?2)(2p2(i - A) - 72) + 4A2a2p2 
V(2p2(i - A) - a2)(2p2(i _ A) - /?2) 

i-v/2p2(i-A)(a2 + /?2-2p2(i-A)) 

-— v/(2p2(l - A) - «2)(2p2(i - A) - 7^) 

0:7 

-— V2p2(l - A)(a2 + 72 - 2p2(l - A) 

07 

--^V2p2(l-A)-/32)(2p2(l-A)-y) 

/?7 

--^VV(l-A)(/32 + 72-2p2(l-A)) (2.11) 



where cos6'23 = 0056*12005^13 + sinOusinOi^sirKp. 

The basic requirement to construct sohtons solutions is developing the matrix as a 
background plus fluctuations : 

Ai = Xi + pRai. (2.12) 

In front of the U{1) noncommutative connection dj there is a factor p, which means that 
in the N ^ 00 limit the difference between Ai and the background Xi must be negligible. 
Instead the general class of solutions ( p.9|) , (|2.10|) , ( |2.11| ) Ai differs significantly from the 



fuzzy sphere Xi and cannot be used to define a consistent connection as in (|2.12|) . 

However we find fruitful exploring the neighborhood of A = ^, since the difference of the 
classical action computed on the class of solutions (|2.11|) and the classical action computed 



on the fuzzy sphere goes hke (A — |)'^, and can be negligible in the N ^ 00 limit if A scales 
as 

A=i + pAo. (2.13) 

It is aim of this paper to show that this further constraint can be implemented to give 
non trivial connections dj, which then describe noncommutative solitons for the fuzzy sphere. 

The first difficulty we meet is to find compatibility between the two constraints 
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A = ^ + pAo (2.14) 

since the general solution for A}, Af and Af is constructed uniquely in terms of a, (3, 7. 
To find compatibility, we need to parameterize a,f],'j as: 



a = p + aop^ 



(3 = p + PoP^ 

7 = P + lop' (2.15) 



from which it follows that 



"0 + /?o + 7o = 

«o + /^o+7o = 4A^. (2.16) 



A general solution of this system is given by: 



/2 TT 
-Xosin{- - 9) 

Po = 2d -XosmO 

j, = -2^Xostn{^ + e). (2.17) 



This is not the whole story, since the general solution (|2.11|) , to be well defined, must 
satisfy the following inequalities 

a' > 2p2(i - A) (3^> 2p2(i - A) 7^ > 2p\l - A). (2.18) 

By defining 

sinao = (2-19) 



these inequalities imply that 

TT TT 

sm( 6*) > —sinaQ sin6 > —sinao sin{ — \- 9) < sinaQ. (2.20) 

3 3 

It is surprising to observe that there is a narrow window of values for 6 which satisfies 
all these inequalities: 

4 

-71 - ao < 9 < TV + ao. (2-21) 
In the following we will use a simple fixed value of 9 to simplify the calculations : 

9='^n (2.22) 



and the general solution to the constraints ( p. 161) and (|2.20|) is determined to be : 



a = p(l - y ^Aop) 
P = p{l- y|Aop) 

7 = p(l + 2y|Aop). (2.23) 



3 Solitons for the fuzzy sphere 

In order to determine the solitons for the fuzzy sphere we have to recall how to recover gauge 
theory on the fuzzy sphere, by expanding the Ai matrices around the classical solution ( |2.2| ) 
as: 

Ai = Xi + pRcii. (3.1) 
The action S{\) (|2.1|) is invariant under the unitary transformation 

Ai U-^AiU (3.2) 

which implements the gauge symmetry of the noncommutative gauge theories as a global 
symmetry of the matrix model. 
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In fact, by developing U in terms of an infinitesimal transformation 



C/~l + iA (3.3) 
the fluctuations around the fixed background transforms as 

X ^ ^ 

cii^ hi- —[Li,\]+i[\ai]. (3.4) 
The corresponding field strength on the sphere is given by 



= «j] - «i] + «j] - -^^ijkak- (3.5) 

Fij is gauge covariant even in the U{1) case, as it is manifest from the viewpoint of the 
matrix model. 

The model contains also a scalar field which belongs to the adjoint representation as the 
gauge field and that can be defined as 



(j) = ^^("^i^i ~ ^i^i) = ^{XiCli + CliXi + pRctiCli) . (3.6) 

At the noncommutative level, the scalar model is intrinsically connected with the gauge 
field and only in the classical limit the action can be interpreted as a sum of both contribu- 
tions. 

To define the action in terms of the fluctuations Oj , we have to define a star product on 
the fuzzy sphere analogous to the Moyal star product for the plane. 

Recall that a matrix on the fuzzy sphere can be developed in terms of the noncommutative 
analogue of the spherical harmonics Yim'. 



a 

while the classical spherical harmonics are defined with Xi substituted with the commu- 
tative coordinates Xi. 

A general matrix 
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N I 

a 

1=0 m=-l 



(llmYlm " '^l-m (3-8) 

corresponds therefore to an ordinary function on the commutative sphere as: 

^ N I 

am = Yl E 7^K^L«)>^;rn(^^) (3.9) 
;=0 m=-l 

and the ordinary product of matrices is mapped to the star product on the commutative 
sphere 



ab ^ a *b 

^ N I 

am * b(n) = Yl E TriYLaWM. (3.10) 

1=0 m=-l 

Derivative operators can be constructed using the adjoint action of Lj and tend to the 
classical Lie derivative Lj in the N ^ oo limit: 

Ad{Li) Li = -eijkXjdk- (3.11) 
z 

Li can be expanded in terms of the Killing vectors of the sphere 



Li = -iK^da. (3.12) 

In terms of Kf we can form the metric tensor g^b — Kl^Kl. The explicit form of these 
Killing vectors is 

= —sin(j) Kf = —cotg9cos(j) 
K2 = coscj) K2 = —cotgOsincf) 

K^^O Kt^l. (3.13) 
Trace over matrices can be mapped to the integration over functions: 



N 



^—Tr{a) I ^a(O). (3.14) 



Having introduced the star product, we can compute the action S{X) as the following 
field theory action 
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S{X) = So + XSi 

Sn 



— 




TT 


N{N + 2) 








yym 


TV 


N{N + 2) 





3i 



29. 



ym 



^1 

3 ^ 



e,..Tr/dr]((L.a,)a. + -[a.,a,]a.--e,,a.a. 



— t 
2 



— ( 
2 



(3.15) 



where the residual Trace is in general for the U{n) case, defined as in []T0[-|T2 . 

Our solution Ai, defined by the equations ( p.23| ) gives rise to a solution of the action 
S{\) and therefore is a soliton solution for the fuzzy sphere, since the fiuctuations respect 
the dependence on p of equation ( p.l2| ). However to help intuition we will look for the 
classical limit of this solution and verify that it is a nontrivial solution of the classical limit 
of the action S{X), i.e. a classical soliton for the sphere. 



The classical limit is realized as 



i? = fixed = (^j^^^^p4j^2 = ^^^^ N-^oo. (3.16) 

In the commutative limit, the star product becomes the commutative product. In this 
limit, the scalar field (p and the gauge field are separable from each other as in 



Ra,{n) = Ktha{n) + ^0(fi) (3.17) 

tc 

where ha is a gauge field on the sphere. The field strength Fij can be expanded in terms 
of the gauge field ha and the scalar field as follows 

F,,(^]) = -^K^K^Fab + -^eijkXk(l) + ^XjK^Dacj) - ^x^K;Da(j) (3.18) 

where Fab = -i{dabb - dbha) + [ha,hb] and Da = -ida + [ha, ...], in general for the U{n) 
case. 

Let us identify the classical fiuctuations in terms of the solution for Ai ( |2.23D , developed 
in power of p: 



9 



^1 = p(l-y^Aop) 

Al = -2\o{l-\Jl)p\l-\J\\op) + 0{p') 
Al = p{l- Jlxop- 2X1(1 -J^) p')+0{p') 



At = ~2Xo\l{l-^l)il + 2^^)p\l + 2^hop) + 0{p') 



A\ = 2Xo\lil-\ll){l + 2J^)p\l + 2J^Xop) + 0{p') 



Al = p{l + 2^^-Xo- 4X1(1 -^l){l + 2^^-)p') + 0{p'). (3.19) 

We have kept the first sub leading contribution to the classical fluctuation Oj, since , as 
we will see in the next section, they can in principle give a flnite contribution to the action 
S{X). The classical fluctuations Oj are deducible from ( |3.19| ) as follows: 



Ro? = -2Ao(l - - ^oa;2 



Ras = -2Ao^/(l- Y'^)(l + 2^^)(xi-X2) + 2y^AoX3. (3.20) 
The classical scalar fleld, obtained from this particular fluctuation Oj , is : 

R(j){n) = Xi ■ Rtti (3.21) 

therefore 



R^{n) 



Ao(xi)'-2Ao(l 



2Xo\l{l-^l){l + 2^^){x'-x')x' 



+ 2\I^Xo{xr 



(3.22) 
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or, in usual spherical coordinates, 



= R[Xo]J^{2cos'^9 - sin^e) - 2Ao(l - ^)sin'^9sin(t)cos(f) 

+ 2Xo]j (1 - + 2^)sinecose{sin(t) - cos(f))]. (3.23) 

From the explicit form of the Killing vector K^, we can deduce the two components of 
the [/(I) gauge field as: 

bg — —Ra^sirKf) + Ra^coscj) = 

= -2i?Ao(l - J^)sinecos^(t> (3.24) 



and 



= i?[2Ao'y^ (1 - y|)(l + 2^^)sln^e{sln(t> - cos<P) 

[2 [2 
+ SXoy -cos9sin^9 + 2Xq{1 — y -)sin^9cos6sin4)cos(f)]. (3.25) 

Having made contact with the soliton solution, we now verify that it is a non trivial 
solution of the classical equations of motion on the sphere. 

The classical limit of the action S{X) is determined to be: 



S{X) = So + XS, 

So = -j^^Tt j dn{KtK]KlK<jF,,F^ + 2iKtK]F,,ei^J^<t> 

+ 2KtK\{DA){D,4>)-2(t>'') 

1 r ah 

—^Tr / dn{Fa,F'^ + ^i—F,,(t> + 2(D,0)(D'^0) - 8^ 



Si = -^Tr fdn{ieijkKtK^F^^cl)-cl)') 



1 „ r ,„.ie"* 



Tr dn{—Fab(l)-r) (3.26) 



9ymR^ J ^ 
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where e"-^ is defined as e^'^ — 1. 

Since we are interested in tiie U{1) case, we finally find 



S{X) = So + \S, = -y^-^ / dn[F,,F^' - 2da(l)da4> + (8 - 4A)(— - cj)^ 



(3.27) 



As in the Bogomolnyi trick, we can isolate an equation of motion directly at the level of 
action as a quadratic term 



S{\) = -J^2 j d^ii^ab + (4 - 2A)ie„,0V^)(F»'' + (4 - 2A)ze»''-^) 



^r9' 



- 2da(t>da(t>+[2{A-2\y -A{2-\)](t?] (3.28) 
from which the resulting equations of motion are 

Fab + (4 - 2X)ieab(t)^/g = 

d^daff) = = [(4 - 2A)' - 2(2 - A)]0. (3.29) 

We can recognize in the second equation the eigenvalue problem for the LjLj operator 
which admits nontrivial solutions if and only if 

LiLi(p = l{l + 1)0 (3.30) 
the coefficient in front of in the second member is equal to l{l + 1). By imposing that 

/(/ + 1) = (4-2A)^-2(2- A) (3.31) 
we find that the only classical models which admit nontrivial solutions are for 

A=^ or A=i±i. (3.32) 

The case I — 0, i.e. a constant scalar field (j) can be reached with the method outfined in 
the Appendix. 
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From the formula ( p.23| ), the scalar field (p{^l) is a combination of spherical harmonics, 
and we can verify that at / = 2 A = ^. 

Therefore, one equation of motion is surely satisfied. To check also the other equation 
we need to compute Fg^ 



-i{deb<p - d^bg) 



3isin9R[2XQ^ (1 — y -)(1 + 2y -)sin9cos9{sin(f) — coscj)) 

+ -sin9{2cos^9 — sin'^9 — 2Ao(l — y -)sin'^9cos(j)sin(l)] = 

= —3isin9(f>{fl)egcj) (3.33) 

which satisfies the other equations of motion for A = |. 

Therefore our solution is a noncommutative soliton for the fuzzy sphere which, in the 
— > 00 limit, corresponds to a classical soliton for the sphere with the classical action iS'(^). 

To find noncommutative solitons with higher spherical harmonics / > 2 one should explore 
the neighborhood of the models 

A = ^ (3.34) 
by starting from classical solutions of matrix model obtained with more general ansatze: 

A, = Af'^-'^-^L,,...L,,_,. (3.35) 



4 Computation of the action 

To finish our verification, let us compare the action *S'(A) evaluated at the solution Ai with 
the action evaluated on the classical soliton on the sphere. 



Recall that the computation of the action S{X) on the general class of solutions (|2.9|) 
( p.lOp , ( p. Ill) is made of three pieces: 



Tr[A\ A^] [A\ A^] = --p\l - A)(4A^ - A + l)rr(L^L, 
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~tXpTre,,,A'A^A'' = ^X\l - X)p^Tr{LrnL^) 

p\l - X)TtA'A' = - A)(A2 - A + l)Tr{L^Lj. (4.1) 

The total evaluation of the action S'(A) is therefore given by: 

S{X)\tot ^So + XSi = -^p\l - A)(2 - 2A + 4A2)Tr(L^L^). (4.2) 

This action contains a part which is divergent in the — > oo limit, and the remaining 
part which is finite. Subtracting the divergent part we find 



S{X)\finite = S{X)\tot - S{X)Ui, = ^(A - ^) Tr{LiLi). (4.3) 



By introducing the models X — j + pXo, considered in this paper, we find: 

S{X)\fir^ite=:^y\lTr{hh) = ^^^p^O for N ^ oo (4.4) 

'^9 '^-^ 9ym 

i.e. the finite value of the action »S'(A) vanishes as p in the N ^ oo limit. 

Before comparing this null result with the value of the classical action at the classical 
soliton, we shall compute the possible finite value of the subleading term into the fluctuations, 
i.e. terms of order p with respect to the classical solitons, to the action S'(A). 

For example, let us take the term 



Tr[A\A^][A\A^ = ~p\l - A)(4A^ - A + l)rr(L,L). (4.5) 



By substituting the value A = | + pAo, the total contribution, divergent plus finite, is 
given by 

Tr[A\A^][A\A%otai = - p'A^)Tr(L,L,). (4.6) 

However the contribution of the leading fluctuations Oj, which define the classical solitons, 
is different 

Tr[A\ A^][A\ A%,uton = + p'Xl)Tr{L,L,). (4.7) 



14 



The difference is given by the subleading ffuctuations a-i ~ 0{p), which vanish in the 
classical limit, 



16 - - 

Tr[A\A^][A\A%ub = -p'XlTr{L,L 



(4.8) 



Analogously the other two pieces of action, evaluated on the total solution ( |2.23| ), on the 
leading fluctuations ( |3.20|) and on the subleading ones lead to 



e^^'^TrA'[A\A%,t,, = 22p'{l-AXy)Tr{UU) 
e'^^TrA'[A\A%,iuon = V(l - 2\lp')Tr{uU) 
e^^'^TrA'[A\A%ub = -AiXlp''Tr{UU) 

TrA'A%otai = ^p'il + Xy]TriL,L,) 
TrA'A%outon = + 2Xlp']Tr{UU) 

TrA'A%^, = ~p''XlTr{LiU). (4.9) 

Fortunately, these finite contributions of the subleading fluctuations cancel out from the 
action <S'(A). In fact for Sq and Si we find 



1 1 fi 4 - - 

^0 cx (-^/ - -p')XlTr{L,L,) = 

Si oc i^p' - ^p')XlTr{L,U) = 0. (4.10) 

We conclude that, since the total action S{X), evaluated on the complete solution Ai, is 
vanishing in the N ^ oo limit, and since the subleading terms give no extra contribution, 
the value of the classical action on the classical solitons must be zero. 



In fact for the classical action ( |3.28|) the equation of motion 



Fab + Sieaby/g^ = (4.11) 

cancels the quadratic part of the action, while the other equation 

d''da(j) = 6(f) (4.12) 
cancels also the other part, since the action is homogeneously quadratic in 0: 
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S{^)\soliton^O. (4.13) 

However the solution is clearly non trivial, since Fab cannot be made equivalent to zero 
with a gauge transformation. Topological arguments as Chern - classes can eventually give 
rise to a quantization of the parameter Aq, which we have left undetermined. 



5 Conclusion 



In this paper we have searched for non trivial solutions to the noncommutative gauge theory 
over the fuzzy sphere. Between all the possible solutions of the matrix model, those which 
have the right to be taken into account are those which corresponds to the classical sohtons 
on a sphere in the N ^ oo limit. 

The fluctuations, defined as the difference between the generic solutions of the matrix 
model and the background ( the fuzzy sphere ), must vanish in the N ^ oo limit 
constraint which implies a double scaling limit in the two coupling constants of the model, 
and A. Therefore to find classical solitons we have to scale A as ^ + ^■ 

By analyzing the classical solitons we find confirmations of the scheme proposed, since the 
scalar field corresponding to our classical solution is a combination of the spherical harmonics 
/ = 2. This should be expected since the classical solution of the matrix model we started 
from were found by the ansatz 



A' = A^jU. (5.1) 

There is in fact a correspondence between the model A = | and the spherical harmonics 
/ = 2. By analogy, one could search classical solitons with higher spherical harmonics / > 2, 
and therefore define new classes of noncommutative solitons over the fuzzy sphere. One 
should firstly start from more general ansatze: 



and determine the corresponding classical solutions of the matrix model. Then it should 
happen that these solutions are a smooth deformation of a fuzzy sphere around the models 
A = finally to find the classical solitons with higher spherical harmonics one should scale 
A as ^ + ^. 
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The solitons we have found are different from the monopoles, which are the standard 
sohtons of gauge theory on the sphere. However the classical theory defined from the matrix 
model is more complex, being the sum of the gauge field and scalar field actions. In fact 
the value of the action on these classical solitons is zero and it is not proportional to the 



soliton number as it happens with the instantons on the plane [|26|-||27|-p8|l-[^-[p0|l- [p]]] 
However we find another signals, typical of solitons, i.e. that the action contains an equation 
of motion quadratically, as it happens with vortices. 

Finally, by keeping A = | + ^ with finite, our new class of solutions determines a 
series of noncommutative solitons over the fuzzy sphere which converges to a classical soliton 
in the N ^ oo limit. 

We believe that the method here outlined is a practical procedure to define noncommu- 
tative solitons as a fuzzy sphere, and that the matrix model approach greatly simplify the 
task. 

It is simpler to define the noncommutative soliton as a difference between two solutions of 
the matrix model, rather than trying to solve the equations of motion of the noncommutative 
gauge theory directly. It is an open question to find the quantum contribution of this solitons 
to the partition function, and again this question greatly simplifies if posed in the matrix 
model approach. 



A Appendix 

To obtain a constant scalar field as classical solution one starts with the ansatz 

A' = f(p)U = (A.l) 
P 

i.e. a deformation with a scale factor of the standard fuzzy sphere solution. By imposing 
the equations of motion (^75|) , one obtains the following quadratic form in /(p): 



np)-Xpfip)-p\l-\) = (A.2) 



whose solutions are 



/i(p) = p standard fuzzy sphere 

/2(p) = (A — l)p rescaled fuzzy sphere. (A. 3) 
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The case A = — 1 of the rescaled fuzzy sphere coincides with the case A = — 1 of the class 
of solutions considered in the paper. 

Let us notice that for A = 2 the two solutions coincide and the value of the classical 
action S'(A) around A = 2 is 

= ^(-^ - - ^)Tr{U,) S{X)U^, sphere = -^(^ - ^)TriUU) 
5(A)|2 - S{\)k,,,y sphere = "^^(^ " 2)'Tr(L,L,). (A.4) 

By expanding A = 2 + pAo one then builds , in the same way as considered in the paper, 
noncommutative solitons which tend to a constant scalar field (j) = c and null field strength 
Fab = 0, in the classical limit. 
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